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A s y s t e m  of equa t ions  d e s c r i b i n g  the b e h a v i o r  of p r e s t r e s s e d  g l a s s - r e i n f o r c e d  p l a s t i c s  i s  ob ta ined  
on the  b a s i s  of a m o d e l  of m u l t i c o m p o n e n t  m e d i u m .  A c o n c r e t e  p r o b l e m ,  c o n c e r n e d  wi th  the  c o n c e n t r a t i o n  
of r e s i d u a l  s t r e s s e s  in a p l a t e  of such  m a t e r i a l ,  is  c o n s i d e r e d .  

To d e s c r i b e  p r e s t r e s s e d  g l a s s - r e i n f o r c e d  p l a s t i c s ,  we p r o c e e d  f r o m  a mode l  of m u l t i c o m p o n e n t  m e -  
d i u m  [1]. 

Le t  us  have  a c e r t a i n  v o l u m e  V bounded  by a s u r f a c e  S. We use  ~i j ,  ui ,  e i j  to  denote  the s t r e s s e s  r e -  
f e r r e d  to a uni t  a r e a ,  the  d i s p l a c e m e n t s , a n d  the  s t r a i n s  in the  f i l l e r ,  and  use  ~rij, v i ,  ~ij  to  denote  the  s t r e s s e s  
r e f e r r e d  to a uni t  a r e a ,  the  d i s p l a c e m e n t s , a n d  the  s t r a i n s  in the  r e i n f o r c e m e n t .  We a s s u m e  tha t  only the 
s u r f a c e  f o r c e s  F i  a c t  on the  s u r f a c e  S, whi l e  m a s s  f o r c e s  and m o m e n t s  a r e  a b s e n t  f r o m  the  v o l u m e  V. We 
d e c o m p o s e  F into two c o m p o n e n t s  

/~i = F~ (~) + Fi (2) (1) 

w h e r e  Fi  (I) i s  the  s u r f a c e  f o r c e  a c t i n g  on the  f i l l e r ,  wh i l e  F i  (2) a c t s  on the  r e i n f o r c e m e n t .  Then for  the  
s u r f a c e  f o r c e s  we obta in  

t'r (x) = ~iivj, Fi (~) ---- uii~i (2) 

w h e r e  vj is  the  uni t  v e c t o r  of a n o r m a l  to  S. The  cond i t ions  of e q u i l i b r i u m  of the  v o l u m e  V have  the  f o r m  

Fids=O' ,f e:dkxjFkds-~'O (3) 
S S 

w h e r e  ~ i jk  i s  the  a x i a l  t e n s o r  of L e v i - C i v i t a ,  and xj  is  the  j - t h  componen t  of the  C a r t e s i a n  c o o r d i n a t e  s y s -  
t e m .  F r o m  the f i r s t  equa t ion  of (3) and  (2) we have  

~ ,  j + ~.;j, ~ = o (4) 

If we i n t r o d u c e  the  quant i ty  v i  

then  f r o m  (4) we o b t a i n  

~iL.~-- ~ / = 0  , ~ii, j+:~i=O 

w h i c h  c o n s t i t u t e s  s e p a r a t e  equa t i ons  of e q u i l i b r i u m  fo r  the  f i l l e r  and  the r e i n f o r c e m e n t .  F r o m  the  f o r m  
of t h e s e  equa t i ons  we can  c o n c l u d e  tha t  ~i  i s  the  v e c t o r  of the  f o r c e  c h a r a c t e r i z i n g  the  i n t e r a c t i o n  of the  
f i l l e r  and  the r e i n f o r c e m e n t ,  r e f e r r e d  to a uni t  v o l u m e .  

F r o m  the  s e c o n d  equa t ion  (3) i t  fo l lows  tha t  

8~j~ (~Ji + ~J't) = 0 

(5) 

(6) 

(7) 
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F r o m  (7) we see  that  the s t r e s s  t e n s o r s  in the gene ra l  ca se  a r e  not s y m m e t r i c .  Analogous ly  to (5) 
we can in t roduce  

x~ = sijpj i (8) 

where  E k is the momen t  in te rac t ion  r e f e r r e d  to a unit  vo lume .  

If  by a(ij), v(ij) we denote the s y m m e t r i c  pa r t s  of s t r e s s  t e n s o r s ,  then for  t hem the equat ions  of equ i -  
l i b r i um (6)-(8) a s s u m e  the f o r m  [2] 

~(m~),m + %~im~Xi,,. --  n~ = 0 (9) 

~(~),~--l/2~m~X~,~ + a~ = 0 (10 )  

We now give a conc re t e  f o r m  to the p r o p e r t i e s  of the f i l le r  and the r e i n f o r c e m e n t .  Above we used  
~ij, 7rij, the s t r e s s  t e n s o r s  r e f e r r e d  to a unit  a r e a .  I t  is obvious that  t r u e  s t r e s s e s  ac t ing  within the med ia  
mus t  en t e r  the rheo logica l  equat ions .  We denote them by (rij* and ~ij*" 

Let  a be the f r ac t ion  of an a r e a  occupied  by the f i l le r .  I t  is ea sy  to see  that  a does not depend on 
the o r i en ta t ion  of the a r e a ,  but in the genera l  ca se  can be a funct ion of the coord ina t e s  (for example ,  in the 
case  of r e i n fo r c i ng  the m a t e r i a l  along the rad i i  of the po la r  coord ina te  s y s t e m  by f i laments  of cons tan t  
th ickness ) .  We then have 

zii = az~j*, ~i1 = (i -- ~) ~ii* (11) 

The f i l le r  is cons ide red  to be a p o l y m e r i z i n g  med ium subjec t  to the equat ion [3] 

t 

0 1 

l 0 0 
t 

1 0 0 

where  ~ is the degree  of po lymer i za t i on ,  taken to be known f r o m  the chemica l  k ine t ics  by means  of a func-  
t ion of t ime;  C(~) is a quanti ty c h a r a c t e r i z i n g  the sh r inkage  of the m a t e r i a l  dur ing the t ime of  p o l y m e r i z a -  
t ion; ~ and E 2 a r e  the modul i  of e l a s t i c i ty ;  q~ and q~ a r e  the m e m o r y  funct ions;  5ij is K r o n e c k e r ' s  symbol .  

Af te r  end of p o l y m e r i z a t i o n  ~ =~?max Eq. (12) is t r a n s f o r m e d  into the usual  v i s coe l a s t i c i t y  equat ion,  
while ce r t a in  cons tan ts  of addit ion will  c h a r a c t e r i z e  the r e s idua l  s t r e s s e s  which  a r i s e  in the p o l y m e r i z a -  
t ion p r o c e s s .  

We a s s u m e  that  the r e i n f o r c e m e n t  cons t i tu tes  e i t he r  absolu te ly  f lexible f i l aments  which  sus ta in  only 
t ens i l e  s t r e s s e s  d i r ec t ed  pa ra l l e l  to the x i axis ,  o r  g l a s s  fabr ic  which is a r r a n g e d  in l a y e r s  pa ra l l e l  to  the 
xlx 2 plane,  and a lso  sus ta ins  only tens i le  f o r c e s  along the f ibe r s  of the fabr ic .  F o r  the f i r s t  case  we have 

~,I*=E~,, ~2'=~33"=0, ~(~j)=O for i~i (13) 

for the second case we have 

~rx1*=Een, ~r~*=E~e2~, ~ss*=0t ~i j )=0 for i4=/ (14) 

i .e . ,  P o i s s o n ' s  ra t io  fo r  f i be r s  is z e r o .  

We a s s u m e  that  when g l a s s - r e i n f o r c e d  p las t i c s  a re  manufac tu red ,  the f ibe r s  of r e i n f o r c e m e n t  a r e  
f i r s t  s t r e t c h e d  and a r e  then c o v e r e d  by a p o l y m e r i z i n g  m a s s .  As  the p o l y m e r i z a t i o n  p r o c e e d s ,  the deg ree  
of gluing of the f i l l e r  and the r e i n f o r c e m e n t  i n c r e a s e s ,  and when one of the media  is being de fo rmed ,  the 
in te rac t ions  Iri and Ei a r i s e .  These  in te rac t ions  depend on the r e l a t ive  d i sp l acemen t  of the med ia  which  
take p lace  a f te r  the gluing p r o c e s s ,  and a l so  on the deg ree  of po lymer i za t ion ,  while for  re lax ing  bonds it 
depends on the r a t e s  of d i sp l acemen t s  

~i  ~" g i J  [ u i  - -  ( v i  ~-" v}~ ' ~1, t ]  ( 1 5 )  

~_ ~(o) ~ .~, t] (16) x,  = L~.~ [5",,,,, (%,, , '  - -  ~' . . . . . . .  ~' 
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w h e r e  X and ~ a r e  i n t e g r a l  o p e r a t o r s .  
cond i t i ons  c o n s i d e r e d ,  has  the  f o r m  

w h e r e  vj(~ a r e  the  i n i t i a l  d i s p l a c e m e n t s  of the  r e i n f o r c e m e n t  up to the  r e m o v a l  of the  p r e l i m i n a r y  t ens ion ;  
Ki j  , L i j  a r e  o p e r a t o r s .  F o r  an e l a s t i c  bond,  i . e . ,  one not  e x p l i c i t l y  depend ing  on t i m e ,  expand ing  (15) and  
(16) in T a y l o r ' s  s e r i e s  w i th  r e s p e c t  to d i s p l a c e m e n t s  and conf in ing  o u r s e l v e s  to  s m a l l  quan t i t i e s  of the  
f i r s t  o r d e r ,  we ob ta in  

~ t  = K~ ('1} [ ' i  - -  (vi - -  vi(~ ] + ~201)  1 .~  - -  ( ~  - -  v~(~ l 8i~ ( 1 7 )  

. (o) 

fo r  the  c a s e  of r e i n f o r c e m e n t  by f i b e r s  in the  x 1 d i r e c t i o n .  In the  s e c o n d  c a s e  ( r e i n f o r c e m e n t  by a f ab r i c )  
we  ob ta in  

o) ~, = x ,  (,~ [., _ (~, _ ~7~)] + ~, ~,~ ~ [~ - ( ~ .  ~o~)] + ~o o~ ~,, [~ - ( ~ -  ~, )] (19}  

"4- v (o)~ z~--~-,(n)~. (~.,.--.~,.+~.,.,(~ , . , .~, +L~,~)~,,..(.,.,_~,.,.+~o.~)~,~ (20)  

where Ki(~) and Li(~) are functions of the degree of polymerization. 

Thus adding the Cauchy relationships to Eqs. (9)-(13), (17), (18) or (14), (19), (20), for the t~nsors 
e i j  and  s i j  we ob ta in  a c l o s e d  s y s t e m  of equa t i ons  w h i c h  d e s c r i b e s  the  b e h a v i o r  of p o l y m e r i z i n g  g l a s s - r e -  
i n f o r c e d  p l a s t i c s .  

W e  c o n s i d e r  the  p r o b l e m  of d e t e r m i n i n g  the  r e s i d u a l  s t r e s s e s  w h i c h  a r i s e  in the  g l a s s - r e i n f o r c e d  
p l a s t i c  m a t e r i a l  w h i l e  i t  i s  be ing  m a n u f a c t u r e d .  L e t  a p l a t e  of g l a s s - r e i n f o r c e d  p l a s t i c  m a t e r i a l ,  in f in i te  
in the  x 2 d i r e c t i o n ,  have  the  wid th  2 d ( -  d _< xl -< d) and  i t s  r e i n f o r c e m e n t  be p r o v i d e d  by f i b e r s  in the  x 1 d i -  
r e c t i o n .  The  f i b e r s  a r e  p r e l i m i n a r i l y  s t r e t c h e d  (vl(~ =xj~l) .  

The  p o l y m e r i z a t i o n  t a k e s  p l a c e  wi th in  a c l o s e d  v o l u m e ,  i . e . ,  t h e r e  a r e  no d i s p l a c e m e n t s  wi th in  the  
f i l l e r  (ui = 0). A f t e r  h a r d e n i n g  we r e m o v e  c o n s t r a i n t s  f r o m  the  r e i n f o r c e m e n t  and  the f i l l e r ,  i . e . ,  we  ob ta in  
the  f r e e  s u r f a c e s  a l l  =~12 =v l l  =0 f o r  x 1 = * d .  

A s  was  a l r e a d y  s t a t e d ,  a f t e r  h a r d e n i n g  the  f i l l e r  c o n s t i t u t e s  a v i s c o e l a s t i c  m e d i u m  w h i c h  can  be r e -  
g a r d e d  a s  e l a s t i c  by a p p l y i n g  the  V o l t e r r a  p r i n c i p l e  to i t ,  i . e . ,  

%9 = ~6i~e~ "t" 2~%. "4-C (~lmax) 8i~ (21) 

The  so lu t i on  of the  s y s t e m  (9), (10), (13), (17), (21), f o r  the  b o u n d a r y  

w h e r e  

ua = Ash Txx~ u2 = 0 
~'-~2 ' _ 

vl = --  ~ Ash Txl, a12 = 0 

~2~ = ~I IA7 ch ~xx E, ]_~,.~2~,]+6-- 
C E'~ 

~ n  = (~.' Jr 2~') A y  ch ~;xl -~  B,  ~ n  = - -  (M -~  2,a') AT ch 7xl - -  B 

B = E' [(~,' -~ 21x') (~,' .Jr 2p, '~ E')z.+.(~' -l- 2p,' -~ E') C] 
(~: + 2~' + E'p 

A = ~ (~, -4- 21 V) "( ch ";d ' 7 = F E' (~' + 2~') (K~ -4- K~) 

E ' f ( i - - a )  Z. ~ ' = ~ L  ~ ' ~  
(22) 

F r o m  (22) we  s e e  tha t  r e s i d u a l  s t r e s s e s  wi l l  e x i s t  in the  g l a s s - r e i n f o r c e d  p l a s t i c  m a t e r i a l .  T h e s e  
s t r e s s e s  fo r  an e l a s t i c  g l a s s - r e i n f o r c e d  p l a s t i c  m a t e r i a l  (X and  # a r e  c o n s t a n t s  and  not o p e r a t o r s }  can  be 
m a d e  equa l  to  z e r o  by choos ing  the  p r e l i m i n a r y  t e n s i o n  in t he  f o r m  

~' + 2~' + g '  
• ~--" -- (~,' -~- 2p/) (~,' -~- 21~' --  E') C (qmax) (23) 

s i n c e  the  f i l l e r  v o l u m e  d e c r e a s e s  on h a r d e n i n g ,  i . e . ,  C(~?) i s  n e g a t i v e .  
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